Compressible Fluids in the Membrane Paradigm: non-AdS Fluid/Gravity
  correspondences by Matsuo, Yoshinori & Sasai, Yuya
ar
X
iv
:1
31
2.
07
53
v3
  [
he
p-
th]
  1
7 J
an
 20
14
KEK-TH-1693
December 2013
Compressible Fluids in the Membrane Paradigm:
non-AdS Fluid/Gravity correspondences
Yoshinori Matsuoa† and Yuya Sasaib‡
a KEK Theory Center, High Energy Accelerator Research Organization (KEK),
Tsukuba 305-0801, Japan
b Institute of Physics, Meiji Gakuin University, Yokohama 244-8539, Japan
Abstract
Correspondences between black holes and fluids have been discussed in two
different frameworks, the Fluid/Gravity correspondence and membrane paradigm.
Recently, it has been discussed that these two theories can be understood as the
same theory if the cutoff surface is placed slightly outside the horizon. The bulk
viscosity is different for these two theories, but it does not contribute to physics
since the fluid becomes incompressible in the near horizon limit. In the AdS/CFT
correspondence, it is known that the fluid becomes compressible and the bulk
viscosity is zero, apart from the near horizon limit. In this paper, we consider
the Fluid/Gravity correspondence in asymptotically non-AdS geometries. We put
the cutoff surface near but at a finite distance from the horizon. Then, the model
becomes the membrane paradigm with compressible fluid. We show that the bulk
viscosity is not negative at least within the linear response regime. We also discuss
the higher derivative corrections in the stress-energy tensor.
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1 Introduction
According to the AdS/CFT correspondence [1, 2, 3, 4], the anti-de Sitter (AdS) space-
time corresponds to the conformal field theory on the asymptotic boundary. At finite
temperature and in the low frequency and long wavelength regime, a fluid appears in the
conformal field theory and it can be seen in a black hole in the AdS spacetime [5, 6, 7, 8].
This correspondence is known as the holographic hydrodynamics or the Fluid/Gravity
correspondence. But before the discovery of the AdS/CFT correspondence, it has been
discussed that a black hole can be described as a fictitious fluid surrounding the horizon.
The earlier studies are known as the membrane paradigm [9, 10, 11, 12].
In the membrane paradigm, the stretched horizon, which is located slightly outside
the horizon, is considered [11, 12]. From the viewpoint of an observer outside the black
hole, the effects of the black hole are reproduced by matters on the stretched horizon.
The fluid structure which corresponds to the black hole can be seen in the matters on
the stretched horizon. A significant property of the fluid is the negative bulk viscosity,
which was expected to indicate the instability of the black hole.
In the AdS/CFT correspondence, the fluid appears in the boundary of the AdS
spacetime. According to the GKPW relations [2, 3], the boundary condition at the AdS
boundary, r → ∞, corresponds to the source term in the dual field theory side. In
this sense, the fluid lives on the AdS boundary. In the AdS/CFT correspondence, the
boundary of the AdS spacetime can be placed at a finite radius. The position of the
boundary corresponds to the UV cutoff in the field theory side [13, 14, 15]. We call the
boundary at the finite radius as the “cutoff surface” and take the Dirichlet boundary
condition on the surface. The transport coefficients can be calculated by using the
Kubo formula in the linear response theory [6, 7]. Generally, the transport coefficients
are obtained as functions of the position of the surface, and it can be interpreted as their
scale dependence [16, 17, 18]. The bulk viscosity in the case of the Schwarzschild-AdS
black hole is zero, which is independent of the position of the cutoff surface [19, 20]. The
Fluid/Gravity correspondences for black branes are also studied in [21, 22], in which the
bulk viscosity is not zero but positive.
Although the Fluid/Gravity correspondence and membrane paradigm are proposed
in the different frameworks, it is expected that they are related to each other [17, 18,
20, 22, 23]. In fact, the stress-energy tensor is given by the Brown-York tensor [24]
in both theories. It has been shown that some transport coefficients agree when the
cutoff surface approaches to the horizon [17]. Since the near horizon geometry of black
holes is given by the Rindler space, it is sufficient to consider the Rindler space if
the cutoff surface is at an infinitesimal distance from the horizon. The Fluid/Gravity
correspondence in the Rindler space is studied in [18]. The relation between the sound
modes in the Schwarzschild-AdS and Rindler space is discussed in detail in [20, 23].
The fluid becomes incompressible for the Fluid/Gravity correspondence in the Rindler
space. The bulk viscosity does not contribute to physics and can be arbitrary in the
Rindler space, or equivalently, if the cutoff surface is very near the horizon. In fact, the
bulk viscosity takes different values if the Rindler limit is taken in different geometries.
In [25], it has been proposed that it is not inconsistent because of this incompressibility
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that the bulk viscosity in the AdS/CFT correspondence does not agree with that in the
membrane paradigm. In order to calculate the bulk viscosity, the cutoff surface must be
sufficiently separated from the horizon, and we need to consider outside of the Rindler
limit. Then, the fluid becomes compressible and the bulk viscosity contributes to physics
of the fluid. In this sense, the zero bulk viscosity in the Fluid/Gravity correspondence is
more physically meaningful than the negative bulk viscosity in the membrane paradigm.
It should be noticed that the black holes do not have universal structure outside the
Rindler limit, and hence we need to calculate the bulk viscosity for each black hole
individually.
The counter terms in the Fluid/Gravity correspondence corresponds to the effects of
the geometry inside the stretched horizon in the membrane paradigm. They do not equal
in general, but can be understood as the scheme dependence of the renormalization in
the holographic renormalization group. Here, we consider only the cutoff surface near
the horizon, and treat these two theories in the same framework.
Since the negative bulk viscosity which was calculated in the membrane paradigm
does not contribute to physics due to the incompressibility, it is interesting to con-
sider what is the bulk viscosity which contribute to the physics. In the case of the
Schwarzschild-AdS spacetime, the bulk viscosity was calculated on the cutoff surface
at arbitrary radius, and is know to be zero. It was also calculated in the black brane
solutions [21, 22]. However, the fluid structure does not appear at arbitrary radius for
the most of the black holes. Even in this case, as has been discussed in the membrane
paradigm, the black holes correspond to fluids as long as the cutoff surface is near the
horizon. In particular, the membrane paradigm can be applied to the black holes which
is not asymptotically AdS nor based on string theory.
In this paper, we generalize the previous studies and consider the sound modes in
black holes which are not asymptotically AdS and have compact horizons. Since the fluid
becomes incompressible in the Rindler limit, we put the cutoff surface near but at a finite
distance from the horizon. Since the black holes do not have universal characteristics
here, we focus on the simplest cases, with the (asymptotically flat) Schwarzschild black
hole in mind. We show that the fluid structure can be seen even outside the Rindler
limit. We calculate the transport coefficients within the linear response regime, and
show that the bulk viscosity is not negative.
This paper is organized as follows. In section 2, we consider a fluid on a maximally
symmetric space and describe the expression of the linear response of the stress-energy
tensor for the sound modes. In section 3, we describe the linear response of the Brown-
York tensor in a maximally symmetric black hole and compare it with that of the stress-
energy tensor of the fluid on the maximally symmetric space. In section 3.1, we briefly
review the Fluid/Gravity correspondence and membrane paradigm. In section 3.2, we
consider the metric perturbations of the maximally symmetric black holes. In section
3.3, we calculate the Brown-York tensor on the cut-off surface at r = rc, and compare
it with the fluid stress-energy tensor. In section 4, we consider possible corrections in
the fluid stress-energy tensor which reproduce the higher derivative terms in the Brown-
York tensor in the gravity side. In section 5, we make a few comments on the counter
terms and contribution from the inside geometry to the junction condition. Section 6 is
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devoted to the conclusion and discussions. In the Appendix, we write down the detailed
expressions which are used in our calculation.
2 Linear response of fluid on maximally symmetric
space
We consider a fluid on a n-dimensional maximally symmetric space Kn. We take the
background metric as
ds2 = −dt2 + dσ2n, (2.1)
where
dσ2n = γˆij(z)dz
idzj , (i, j = 1, · · · , n), (2.2)
is the metric on Kn. We denote the sectional curvature and covariant derivative on Kn
as K and Dˆi, respectively.
To obtain the expressions of the linear response of the stress-energy tensor, we apply
the metric perturbations to the fluid. We denote the metric perturbations as
gµν = g¯µν + δgµν , (2.3)
where g¯µν is the background metric (2.1). In general, tensors with at most rank two on
the maximally symmetric space can be decomposed into scalar, vector, and tensor types
and can be expanded in terms of the harmonic functions on Kn. In this paper, we focus
on the scalar type. The metric perturbations can be expanded as
δg00 = −f 00 e−iωt S, (2.4a)
δg0i = f0 e
−iωt
Si, (2.4b)
δgij = 2e
−iωt(HLγˆijS+HTSij), (2.4c)
where the coefficients f 00 , f0, HL, and HT are functions of ω and k, and S, Si, and Sij
are the harmonic functions of the scalar type which are characterized by the momentum
k. Hereafter, we will omit k and ω dependences in the harmonic functions and the
coefficients. The harmonic functions obey the following formulas:
DˆiDˆiS = −k2S, (2.5)
for the scalar harmonics S,
Si = −1
k
DˆiS, (2.6)
DˆiS
i = kS, (2.7)
DˆiSj = DˆjSi, (2.8)
DˆiDˆiSj = ((n− 1)K − k2)Sj , (2.9)
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for the vector harmonics Si, and
Sij =
1
k2
DˆiDˆjS+
1
n
γˆijS,
= −1
k
DˆiSj +
1
n
γˆijS, (2.10)
S
i
i = 0, Sij = Sji, (2.11)
DˆiS
i
j =
n− 1
n
k2 − nK
k
Sj , (2.12)
DˆiDˆiSjk = (2nK − k2)Sjk, (2.13)
for the tensor harmonics Sij . For K = 1, k
2 takes discrete values,
k2 = l(l + n− 1), l = 0, 1, 2, · · · , (2.14)
while for K ≤ 0, k2 takes any non-negative real value.
In general, the stress-energy tensor for a fluid is expressed as
T µν = (ε+ P )uµuν + Pgµν + τµν , (2.15)
where ε, P , and, uµ are the energy density, pressure, and velocity field, respectively.
The velocity field satisfies the normalization condition uµuµ = −1. In the first-order
formalism of fluid mechanics, the viscous stress tensor τµν is given by
τµν = −2ησµν − ζθ∆µν , (2.16)
where η and ζ are the shear viscosity and bulk viscosity, respectively, and
∆µν = uµuν + gµν , (2.17)
σµν =
1
2
∆µα∆νβ
(
∇αuβ +∇βuα − 2
n
gαβ∇γuγ
)
, (2.18)
θ = ∇αuα. (2.19)
By introducing the metric perturbations (2.4) in the fluid, the energy density, pres-
sure, and velocity field receive the linear responses as
ε = ε¯+ δε e−iωt S, (2.20)
P = P¯ + δP e−iωt S, (2.21)
uµ = u¯µ + δuµ, (2.22)
where δε and δP are functions of ω and k. Now, we consider the response of the fluid
at rest and hence we take
u¯µ = δµ0 . (2.23)
Then, the response of the velocity field takes the form of
δu0 = −1
2
f 00 e
−iωt
S, (2.24)
δui = u e−iωt Si, (2.25)
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at the linear order of the metric perturbations. Here, u is a function of ω and k. Thus,
the responses of the stress-energy tensor are expressed as
δT 00 = −δε e−iωtS, (2.26)
δT i0 = −(ε¯+ P¯ )u e−iωtSi, (2.27)
δTL = [δP − ζ(ku− iωnHL)] , (2.28)
δTT = 2η(ku+ iωHT ) , (2.29)
where δTL and δTT are the trace part and traceless part of the spatial components δT
i
j :
δT ij = δTL e
−iωtδij + δTT e
−iωt
S
i
j . (2.30)
From the conservation law ∇µT µν = 0, we obtain
0 = iωδε− (ε¯+ P¯ )(ku− inωHL), (2.31)
0 = −kc2sδε− iω(ε¯+ P¯ )u+ 2η
n− 1
n
(k2 − nK)u+ ζk2u
− 1
2
k(ε¯+ P¯ )f 00 − iω(ε¯+ P¯ )f0 − iζnωkHL + 2iη
n− 1
n
k2 − nK
k
ωHT , (2.32)
where we have used
δP = c2sδε, (2.33)
and c2s is the velocity of sound. Solving (2.31) and (2.32) for u and δε, we find
u =
iω
k
−1
2
k2f 00 − iωkf0 + 2(n−1)n (k2 − nK)iωηˆHT + nk2(c2s − iωζˆ)HL
−ω2 + c2sk2 − iω(Γsk2 − 2(n− 1)Kηˆ)
, (2.34)
δε = (ε¯+ P¯ )
(
k
iω
u− nHL
)
= (ε¯+ P¯ )
−1
2
k2f 00 − iωkf0 + 2(n−1)n (k2 − nK)iωηˆHT + n
(2(n−1)
n
(k2 − nK)iωηˆ + ω2)HL
−ω2 + c2sk2 − iω(Γsk2 − 2(n− 1)Kηˆ)
,
(2.35)
where
ηˆ =
η
ε¯+ P¯
, (2.36)
ζˆ =
ζ
ε¯+ P¯
, (2.37)
Γs =
2(n− 1)
n
ηˆ + ζˆ . (2.38)
The sound pole
∆s = −ω2 + c2sk2 − iω(Γsk2 − 2(n− 1)Kηˆ) = 0 (2.39)
can be read off from the denominator of (2.34) or (2.35).
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Substituting the solutions of the conservation law (2.34) and (2.35) into (2.26)-(2.29),
the stress-energy tensor takes the form of
δTI =
NI
∆s
, (2.40)
where the numerators NI = (N 00,N0,NL,NT ) of the components of the stress-energy
tensor δTI = (T
0
0, T0, TL, TT ) are obtained as
N 00 = k
2
2
(ε¯+ P¯ )f 00 + ikω(ε¯+ P¯ )f0
+ ω(ε¯+ P¯ )
[−nω + 2iηˆ(n− 1)(Kn− k2)]HL − 2iηωn− 1
n
(k2 − nK)HT ,
(2.41a)
N0 = 1
2
ikω(ε¯+ P¯ )f 00 − ω2(ε¯+ P¯ )f0
− inωk(ε¯+ P¯ )(c2s − iωζˆ)HL + 2ηω2
n− 1
n
k2 − nK
k
HT , (2.41b)
NL = −1
2
k2(ε¯+ P¯ )(c2s − iωζˆ)f 00 − ikω(ε¯+ P¯ )(c2s − iωζˆ)f0
+ ω(ε¯+ P¯ )(c2s − iζˆω)
[
nω + 2iηˆ(n− 1)(k2 −Kn)]HL
+ 2ηω
n− 1
n
(k2 − nK)(ζˆω + ic2s)HT , (2.41c)
NT = −iηk2ωf 00 + 2ηkω2f0 + 2ηk2nω(ζˆω + ic2s)HL + 2iηω(−ω2 + c2sk2 − iζˆωk2)HT .
(2.41d)
3 Linear response of maximally symmetric black holes
In this section, we consider the linear response theory in the gravity side. We consider
the black hole geometries whose boundary is the geometry which we have discussed in
the previous section. Then, we introduce the scalar type perturbations to the metric
and calculate the linear response in the energy-momentum tensor on the boundary. The
transport coefficients are calculated at the leading order of the near horizon expansion.
Since the corresponding fluid becomes incompressible in the Rindler space, the leading
order contributions for the sound modes give the corrections to the Rindler limit.
3.1 Fluid/Gravity correspondence and membrane paradigm
The correspondence between the black holes and fluids have been discussed in two dif-
ferent frameworks, the Fluid/Gravity correspondence and membrane paradigm. These
two theories are related to each other by using the holographic renormalization group.
The stress-energy tensor is given by the same formula in both theories up to terms
which can be interpreted as the scheme dependence of renormalization. We first explain
the Fluid/Gravity correspondence, in particular focusing on the stress-energy tensor of
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the fluid. Then, we discuss the relation between the Fluid/Gravity correspondence and
membrane paradigm.
In the AdS/CFT correspondence, the energy-momentum tensor on the boundary is
given by the Brown-York tensor, which is introduced to define a quasi-local energy. By
using the Brown-York tensor, the quasi-local charge Qξ associated to a Killing vector ξ
is expressed as
Qξ =
∫
ddx
√−γ T 0µξµ . (3.1)
The Brown-York tensor is defined by
T µν =
2√−γ
δSgrav
δγµν
, (3.2)
where Sgrav is the gravitational action and γµν is the induced metric on the boundary.
The action is evaluated at the classical configuration of the metric. The induced metric
on the boundary plays the role of the boundary condition of the metric. The definition
of the Brown-York tensor (3.2) is consistent to the GKPW relation for the energy-
momentum tensor [26].
We consider the (d+ 1)-dimensional Einstein-Hilbert action for the gravity theory:
Sgrav =
1
16piG
∫
dd+1x
√−g(R− 2Λ) + 1
8piG
∫
r=rc
ddx
√−γK , (3.3)
where R and Λ are the scalar curvature and cosmological constant in the bulk and K
is the trace of the extrinsic curvature Kµν on the cutoff surface r = rc. Although the
ordinary AdS boundary is located at r →∞, we consider only inside of the cutoff surface
and impose the boundary conditions there. Then, the Brown-York tensor is expressed
in terms of the extrinsic curvature as
T µν =
1
8piG
(Kµν − γµνK) . (3.4)
In order to obtain well-defined charges, we should further define the reference geometry
and subtract its effect from the above definition, or add appropriate counter terms
instead. In the AdS/CFT correspondence, the counter terms are determined such that
they are written in terms of covariant quantities, and become proportional to the induced
metric or Einstein tensor on the boundary [26].
In the membrane paradigm, a black hole is replaced by a fictitious fluid on the
stretched horizon, which is a timelike hypersurface slightly outside the event horizon
[11, 12]. Classically, an observer who remains outside the black hole are not affected by
the dynamics inside the black hole. Then, the domain of integration of the action can
be restricted to the external of the black hole, but the appropriate surface terms on the
horizon must be added into the action. These surface terms can be interpreted as the
effects of the matter on the stretched horizon. Since this matter behaves as a fluid, the
black hole can be replaced by the fluid on the stretched horizon.
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The stress-energy tensor of the fluid is derived by using the Israel junction condition
[27] and expressed in terms of the extrinsic curvature as
T µν =
1
8piG
(Kµν+ − γµνK+)−
1
8piG
(Kµν− − γµνK−) , (3.5)
where Kµν+ and Kµν− are the extrinsic curvatures of the geometry outside and inside
the stretched horizon, respectively. In order to describe all effects of black hole by the
matters on the stretched horizon, the geometry inside the black hole is usually taken to
be flat spacetime. Then, the stress-energy tensor in the membrane paradigm takes the
same form as (3.4).
Although both the Fluid/Gravity correspondence and membrane paradigm describe
the physics of black holes in terms of fluids, there are some differences between them.
Firstly, in the Fluid/Gravity correspondence, the fluid lives on the boundary of AdS
spacetime while in the membrane paradigm, the fluid is placed on the stretched hori-
zon. This discrepancy can be resolved by using the holographic renormalization group.
In the AdS/CFT correspondence, the boundary of the AdS spacetime is originally placed
at r = rc → ∞. A finite but large rc can be interpreted as an UV cut-off in the CFT
side. Lowering rc corresponds to the renormalization group flow in CFT. Therefore, the
membrane paradigm can be understood as the IR limit of the Fluid/Gravity correspon-
dence.
Secondly, the AdS/CFT correspondence deals with the black hole geometry inside
the cut-off surface, while the geometry inside the stretched horizon is replaced by the
flat spacetime in the membrane paradigm. However, the membrane paradigm can also
be interpreted as the correspondence between two different geometries; one is the black
hole geometry all over the spacetime, and the other is given by connecting black hole
geometry and flat space at the stretched horizon. Since the outside is given by the black
hole geometry in both sides, the membrane paradigm is the correspondence between
two models inside the stretched horizon; one is the black hole geometry and the other is
the flat spacetime with fictitious fluid. In this sense, the membrane paradigm also deals
with the black hole geometry inside the cutoff surface. Therefore, the Fluid/Gravity
correspondence and membrane paradigm is equivalent when the cut-off surface is near
the horizon.
It should be also noticed that the identification of the fluid variables is different
for the Fluid/Gravity correspondence and membrane paradigm. In the membrane
paradigm, the normal vector of the horizon becomes tangent to the horizon and is
the only vector which is pointing in the causal direction on the horizon. Therefore, the
normal vector is identified to the velocity field of the fluid. However, this is valid only in
the limit in which the cutoff surface agrees with the true horizon, and cannot be applied
to the AdS/CFT correspondence in which the cutoff surface can be placed at an arbi-
trary radius. However, the Einstein equation contains the constraints which corresponds
to the continuity equation and Navier-Stokes equation. Then, the fluid variables can be
solved by using the constraints and they are expressed in terms of the induced metric
on the surface, as we have seen in the previous section. After imposing the constraints,
the stress-energy tensor of the fluid in the Fluid/Gravity correspondence becomes the
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same as that of the membrane paradigm as long as the corresponding solution of gravity
theory is the same. In order to solve the Einstein equation, we have to impose the ingo-
ing boundary condition at the horizon for the propagating modes. The other boundary
conditions are arbitrary. As we will see later, the Dirichlet conditions on the cutoff
surface give the most general solutions for the linear perturbations. Therefore, fluids
which correspond to solutions of the Einstein equation can always be parametrized by
the induced metric on the cutoff surface, at least in the linear response regime.
3.2 Metric perturbations of black hole
The metric of the maximally symmetric black hole in (n + 2)-dimensional spacetime is
given by [29],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dσ2n , (3.6)
where
f(r) = K − 2M
rn−1
− λr2 . (3.7)
Here, M is related to the black hole mass, and λ is related to the cosmological constant
Λ by
λ =
2Λ
n(n+ 1)
. (3.8)
The spatial metric dσ2n is that of Kn, which is given by (2.2), and K is the sectional
curvature on it.
At the horizon r = rH , f(r) satisfies f(rH) = 0. The Hawking temperature is given
by
TH =
1
4pi
f ′(rH). (3.9)
We introduce scalar type perturbations to the metric (3.6). As in the previous
section, the metric perturbations can be expanded in terms of the harmonic functions
on Kn. We choose the gauge such that the perturbations with r-component vanish:
δgµr = 0. (3.10)
Then, the metric perturbations can be expressed as [29],
δg00 = −f(r)f 00 (r) e−iωt S, (3.11a)
δg0i = rf0(r) e
−iωt
Si, (3.11b)
δgij = 2r
2e−iωt (HL(r)γˆijS+HT (r)Sij) . (3.11c)
Since the Einstein tensor GMN has the same structure as the metric perturbations
under the expansion in terms of the harmonic functions, the relevant equations are the
following seven components of the Einstein tensor:
Ett = 0 , Etr = 0 , Err = 0 , (3.12)
Et = 0 , Er = 0 , EL = 0 , ET = 0 , (3.13)
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where
Eµν = Gµν + Λgµν , (3.14)
and it can be expanded in terms of the spherical harmonics as
Eti = EtSi , Eri = ErSi , Eij = ELγˆijS+ ETSij . (3.15)
These seven equations can be separated into four second-order differential equations
with respect to r, and three first-order differential equations. Since the Einstein tensor
satisfies the Bianchi identity, these equations are related to each other. The independent
equations are one second-order differential equation and three first-order differential
equations. The first-order differential equations, which are constraint equations, give
constraints on the boundary conditions of the metric perturbations and the second-
order differential equation describes the propagation of the sound mode.
These differential equations provide in total five integration constants in the solution.
One of them is fixed by imposing the incoming wave boundary condition at the horizon
for the propagating mode. For the remaining four integration constants, we impose the
Dirichlet boundary conditions at the cutoff surface r = rc on the metric perturbations
f 00 , f0, HL, and HT . Then, all integration constants are determined.
By taking a specific combination of the metric perturbations, we obtain a second-
order differential equation only in terms of the combination [28, 29]. This combination
and the equation are referred to as the master field and master equation, respectively.
The combination for the master equation is not unique. Here, we take the master field
as
Φ(r) = 2rn/2
{
HT (r)− in [f(r)f
′
0(r)− r(f(r)/r)′f0(r) + 2iωHL(r)]
ω (2k2 + nrf ′(r)− 2nf(r))
}
. (3.16)
Then, the master equation is
d
dr
(
f(r)
dΦ(r)
dr
)
+
ω2
f(r)
Φ(r)− V (r)Φ(r) = 0 , (3.17)
where the pontential V (r) is
V (r) =
Q(r)
16r2H2(r)
, (3.18)
and
H(r) = k2 − nf(r) + 1
2
nrf ′(r) , (3.19)
Q(r) = 4M2n(n+ 1)r2−2n
[
4k2(2n2 − 3n + 4) +Kn(n3 − 13n2 + 14n− 8)]
+ λr2
[
24M(n− 2)n2(n + 1)r1−n(k2 −Kn)− 4(n− 4)(n− 2)(k2 −Kn)2
− 4M2n3(n+ 1)2(n + 2)r2−2n
]
− 24Mnr1−n(k2 −Kn) [k2(n− 4) +Kn(n2 − 2n+ 2)]
+ 16(k2 −Kn)3 + 4Kn(n + 2)(k2 −Kn)2 + 8M3n4(n+ 1)2r3−3n . (3.20)
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The solution of Φ generally takes the following form near the horizon:
Φ ∼ C0(r − rH)−iω/f ′(rH ) + C¯0(r − rH)iω/f ′(rH ) , (3.21)
where C0 and C¯0 are the integration constants. The first term of (3.21) corresponds to
the ingoing mode and the second term corresponds to the outgoing mode. We take the
ingoing boundary condition C¯0 = 0.
In the case of the AdS spacetime, the structure of fluid appears in the hydrodynamic
regime, ω, k → 0, on the cutoff surface with an arbitrary rc. The master equation can be
solved by expanding the master field for small ω and k. However, k takes only discrete
values for K > 0, and we cannot take k → 0 limit. Generally, the fluid structure appears
when the wavelength is much longer than the inverse of temperature. Since we consider
the matters on the cutoff surface, we should take the blueshift into account. By using
the local quantities, the condition is given by
k
rH
≪ TH√
f
,
ω√
f
≪ TH√
f
. (3.22)
For K > 0, the wavelength is bounded above by the horizon radius, and hence, k
cannot be arbitrarily small. However, the fluid structure appears near the horizon since
the blueshift factor, 1/
√
f , becomes very large. Since the wavelength can be same order
to the horizon radius, the condition can be expressed in terms of lengths in the black
hole geometries as
rc − rH ≪ rH , (3.23)
for Λ = 0. For a non-zero cosmological constant, the condition becomes stronger but
can be satisfied by putting the cutoff surface sufficiently near the horizon. Thus, for
example, in the case of asymptotically flat spacetime, the fluid structure appears only
near the horizon. Here, we focus on the cut-off surface near the horizon, and calculate
the Brown-York tensor in expansion around the horizon r = rH .
Near the horizon, the master field Φ can be expanded in terms of (r − rH) as
Φ(r) = C0f(r)
−iω/f ′(rH )
(
1 + C1f(r) +O((r − rH)2)
)
. (3.24)
By solving the master equation, C1 is obtained as
C1 =
1
2r2f ′ 4(2k2 + nrf ′)
×
{
+f ′ 2
[−4rf ′ (k2(n− 2)−K(n− 1)n)+ n2r2f ′ 2 + 4k2 (k2 − 2K(n− 1))]
+ 4iωf ′
[
rf ′
(
K(n− 1)n− 3k2(n− 2))+ nr2f ′ 2 + 2k2 [k2 − 3K(n− 1))]
+ 4ω2
[
4rf ′
(
k2(n− 2)−K(n− 1)n)− n2r2f ′ 2 − 4k2 (k2 − 2K(n− 1))]}
∣∣∣∣
r=rH
.
(3.25)
It is straightforward to calculate the higher order corrections of the near horizon ex-
pansion. It should be noticed that we have not imposed the condition of k ≪ 1 or
ω ≪ 1.
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3.3 Fluid stress-energy tensor from gravity
For the background geometry (3.6), the Brown-York tensor is obtained as
T¯ 00 = nf
1/2r−1, (3.26a)
T¯ i0 = 0, (3.26b)
T¯L =
1
2
f−1/2(f ′ + 2(n− 1)fr−1). (3.26c)
where
T¯ ij = T¯Lδ
i
j . (3.27)
Hereafter, we take 8piG = 1. By introducing the perturbations of the metric (3.11), the
linear responses of the Brown-York tensor are
δT 00 = nf
1/2H ′Le
−iωt
S, (3.28)
δT i0 = −1
2
f 1/2r−1(r−1ft − f−1f ′ft + f ′t)e−iωtSi, (3.29)
δTL =
1
2
f 1/2(f t
′
t + 2(n− 1)H ′L) , (3.30)
δTT = −f 1/2H ′T , (3.31)
where
δT ij = δTLe
−iωtδij + δTT e
−iωt
S
i
j. (3.32)
The solution for the metric perturbations can be obtained by using the solution of the
master equation (3.24) and solving constraint equation. However, in order to calculate
the Brown-York tensor, the full solution of the metric perturbations is not necessary
but it is only needed to rewrite the first derivatives of the metric perturbations in terms
of their boundary conditions on the cutoff surface. By using three constraint equations
and the definition of the master field (3.16), we obtain the following relation:
h′I = AIJhJ + BIΦ, (3.33)
where hI stands for the metric perturbations f
0
0 , f0, HL, and HT . Since these relations
are complicated, we write the detailed expressions in the Appendix A. We rewrite the
master field (3.24) as
Φ(r) = CF (r) , (3.34)
where F (r) is normalized as
F (rc) = 1 . (3.35)
The constant C can be fixed by imposing the Dirichlet boundary conditions on the
metric perturbations (3.11) at r = rc.
Since the definition of the master field (3.16) contains a first derivative of the metric
perturbations, the master equation is the third order differential equation when it is
expressed in terms of the original variables. There is an additional integration constant
in the constraint equations and the master equations. It can be fixed by the original
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second order differential equation, which can be expressed in terms of hI , h
′
I , Φ and Φ
′.
Then, by using (3.24) and (3.33), we obtain a relation between the integration constant
C and Dirichlet boundary conditions as
C =
CN
F ′(r)− CD
∣∣∣∣
r=rc
, (3.36)
where
CD = − k
2
nrf(r)
+
(2k2 + nrf ′(r)− n(n + 1)f(r)) [k2((n− 1)f(r)− rf ′(r)) + 2nr2ω2]
4(n− 1)nrf(r)2 (k2 − nK)
+
2k2(n− 2)n− (4n− 4)K + n2[(n+ 1)f(r)− rf ′(r)]
2r (2k2 + nrf ′(r)− n(n + 1)f(r)) , (3.37)
CN = −r
n/2−1(2k2 + nrf ′(r)− n(n+ 1)f(r))
2(n− 1)nf(r)2k2 (k2 − nK)
×
{
nk2f(r)f 00 + 2inrkωf0 + nk
2 ((n− 1)f(r)− rf ′(r))HL
+
(−k2rf ′(r) + k2(n− 1)f(r) + 2nr2ω2)HT
}
, (3.38)
F (r) =
1 + C1f(r)
1 + C1f(rc)
(
f(r)
f(rc)
)−iω/f ′(rc)
. (3.39)
Substituting Φ(rc) = C with these expressions into (3.33), we obtain the expressions of
the first derivatives of the metric perturbations in terms of their boundary conditions.
The Brown-York tensor is given in the form of
δTI =
NI
∆s
∣∣∣∣
r=rc
. (3.40)
Since the constraint equations in the Einstein equation give the conservation law on the
cutoff surface, the Brown-York tensor gives the energy-momentum tensor to which the
solution of the conservation law has already been substituted. In order to compare to
the stress-energy tensor of fluid on Kn, the Brown-York tensor should be rewritten in
terms of the local quantities. We use the proper frequency ωc = f
−1/2(r)ω, and take the
redshift factor into account as
f0
(proper) =
1√
f(r)
f0 , T
i
0
(proper)
=
r√
f(r)
T i0 . (3.41)
In what follows, we will use these proper quantities for the expressions of the Brown-
York tensor. Since the Brown-York tensor has a complicated expression, we do not write
down the full expression, here. As we have done for the master field, we consider the
cut-off surface near the horizon and expand the Brown-York tensor in terms of (r− rH).
In the near horizon expansion, the sound pole ∆s is expressed as
∆s ∼
(
−ω2c +
k2f ′(r)
2nrf(r)
)
A(k)− 2i(n− 1)
√
f(r) (k2 −Kn)ωc
nr2f ′(r)
, (3.42)
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where
A(k) = 1 +
2k2
nrf ′(r)
∼ 1 + k
2
2pinrHTH
, (3.43)
and we have extracted only the leading order terms of the near horizon expansion for
each order term in k and ωc. This expression is consistent with the sound pole of fluid
(2.39) except for the factor of A(k), which gives a higher derivative correction. The fluid
structure generally appears in long wavelength limit of k → 0, and the higher derivative
correction can usually be neglected in this limit. In this sense, (3.42) is consistent to
the pole of fluids. It should be noticed that the angular momentum takes only discrete
values for K > 0. In this case, the first order hydrodynamics gives an approximative
description if k satisfies the condition:
k2 < 2pinrHTH . (3.44)
Although we can take the long wavelength limit by taking the radius of the surface to
be large, it is also related to the Hawking temperature. In the case of the Schwarzschild
black holes, for example, A(k) becomes
A(k) ∼ 1 + 2k
2
n(n− 1) , (3.45)
and hence the higher derivative terms cannot be neglected for small n. It would be
expected that this additional factor is reproduced if the higher derivative terms in fluid
mechanics are taken into account. We will discuss it in Section 4.
The transport coefficients can be read off by comparing (3.42) and (2.39). The
background energy density and pressure are calculated from the background Brown-
York tensor (3.26). In the near horizon expansion, we have
ε¯+ P¯ =
f ′(r)
2
√
f(r)
+O((r − rH)1/2) . (3.46)
Then, the speed of sound cs, shear viscosity η, and bulk viscosity ζ are obtained as
c2s =
rf ′(r)
2nf(r)
, η =
1
16piG
, ζ = 0 . (3.47)
Here, we wrote the Newton constant G, explicitly.
The numerators NI are calculated as
N 00 ∼
f ′k2
4r2
√
f
(A(k))2 f 00 +
if ′ωck
2r
√
f
(A(k))2 f0
+
(
−nf
′ω2c
2
√
f
A(k) +
k2(n− 1) (k2 −Kn)
nr3
√
f
+
i(n− 1)ωc (k2 −Kn)
r2
)
A(k)HL
+
(
k2(n− 1) (k2 −Kn)
nr3
√
f
+
i(n− 1)ωc (k2 −Kn)
nr2
)
A(k)HT , (3.48a)
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N0 ∼ if
′ωck
4r
√
f
(A(k))2 f 00 −
f ′ω2c
2
√
f
(A(k))2 f0 − if
′2ωck
4f 3/2
A(k)HL
−
(
i(n− 1)ωck(k2 − nK)
n2r2
√
f
+
(n− 1)ω2c (k2 − nK)
nrk
)
A(k)HT , (3.48b)
NL ∼ − f
′2k2
8nrf 3/2
A(k)f 00 −
if ′2ωck
4nf 3/2
A(k)f0
+
(
rf ′2ω2c
4f 3/2
− i(n− 1)f
′ωc(k
2 − nK)
2nrf
)
A(k)HL
− i(n− 1)f
′ωc(k
2 − nK)
2n2rf
A(k)HT , (3.48c)
NT ∼
(
k4
2nr3
√
f
− iωck
2
2r2
)
A(k)f 00 +
(
iωck
3
nr2
√
f
+
ω2ck
r
)
A(k)f0
+
if ′ωck
2
2rf
A(k)HL +
(
−iω3c +
if ′ωck
2
2nrf
)
A(k)HT . (3.48d)
Here, we have written only leading order terms in the near horizon expansion for each
coefficients of the metric perturbations but also included someO((rc−rH)1/2) corrections
which are relevant to comparison with (2.41). By using the transport coefficients (3.47),
these expressions agree with (2.41) except for the factor of A(k) and some higher order
terms in k and ωc. Therefore, up to the higher derivative terms, the Brown-York tensor
on the cutoff surface near the horizon is consistent to the energy-momentum tensor of
fluid. In the next section, we will discuss the higher derivative corrections, and then,
the extra factor of A(k) and other higher derivative terms (3.48) are reproduced by the
stress-energy tensor of the fluid.
4 Higher derivative corrections
In this section, we comment on the higher derivative terms in the Brown-York tensor.
The Brown-York tensor has the structure of the stress-energy tensor of fluid in the
hydrodynamic regime. However, the higher order terms in (3.42) and (3.48) are absent
from the linear response of the fluid stress-energy tensor, (2.39) and (2.41) because the
viscous stress tensor (2.16) is composed of only the first order derivative terms. Here,
we show that the higher derivative terms in the Brown-York tensor can be reproduced
by adding suitable higher derivative terms to the constituent relation (or equivalently
to the viscous stress tensor).
In order to reproduce the sound pole in the Brown-York tensor, we introduce an
vector field u˜µ as
uµ = u˜µ − c1∆µν∇ν∇ρu˜ρ. (4.1)
Then, we keep (2.15), (2.16) and (2.17) unchanged but replace the velocity vector uµ in
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(2.18) and (2.19) by u˜µ:
τµν = −2ησ˜µν − ζθ˜∆µν , (4.2a)
σ˜µν =
1
2
∆µα∆νβ
(
∇αu˜β +∇βu˜α − 2
n
gαβ∇γu˜γ
)
, (4.2b)
θ˜ = ∇αu˜α. (4.2c)
Here, we have defined the projection ∆µν with the original velocity vector uµ. It should
be noticed that the result is not affected even if we define ∆µν with u˜µ. Then, by solving
the conservation law, we obtain,
u˜ =
1
∆s
iω
k
[
−1
2
k2f 00 − iωkf0 +
2(n− 1)
n
(k2 − nK)iωηˆHT
+ nk2
(
c2s(1 + c1k
2)− c1ω2 − iωζˆ
)
HL
]
, (4.3)
δε =
(ε¯+ P¯ )(1 + c1k
2)
∆s
[
−1
2
k2f 00 − iωkf0 +
2(n− 1)
n
(k2 − nK)iωηˆHT
+ n
(
2(n− 1)
n
(k2 − nK)iωηˆ + ω2
)
HL
]
, (4.4)
∆s =
(−ω2 + c2sk2) (1 + c1k2)− iω (Γsk2 − 2(n− 1)Kηˆ) . (4.5)
By taking
c1 =
2
nrf ′(r)
, (4.6)
the pole in the Brown-York tensor (3.42) is reproduced. Since u˜µ can be expressed in
terms of uµ as
u˜µ = (1− c1∆µν∇ν∇ρ)−1 uρ
= uµ +
∞∑
n=0
cn+11 ∆
µν∇ν
(∇α∆αβ∇β)n∇ρuρ , (4.7)
(4.2) can be interpreted as the shear and expansion with higher derivative corrections.
In order to reproduce the higher order corrections in the numerators of the Brown-
York tensor (3.48), we further introduce correction terms which is related to the cur-
vature. For the Riemann tensor, two indices must be contracted by projection tensor
∆µν , or equivalently, uµ. Since the correction terms appear only in the viscous stress,
the other indices must be projected by ∆µν . Then the possible correction terms are
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expressed in terms of uρuσRiρj
σ or Rij .
1 In the linear response theory, we have
δRji = −δ(uρuσRiρjσ)
=
(
−k
2
2
f 00 − iωkf0 − ω2nHT
)
S
j
i +
1
n
(
k2
2
f 00 + iωkf0 − ω2nHL
)
δji S ,
(4.8)
δRij − δRij = δRiljl
= −(n− 2)k2
(
HL +
1
n
HT
)
S
j
i
+ 2
n− 1
n
(k2 − nK)
(
HL +
1
n
HT
)
δjiS . (4.9)
Then the viscous stress tensor is
τµν = −2ησ˜µν − ζθ˜∆µν + c2RL∆µν + c3RµνT + c4RL∆µν + c5RµνT (4.10)
where
RL = 1
n
δRii (4.11)
RµνT = ∆µα∆νβ (δRαβ − gαβRL) , (4.12)
RL =
1
n
δRi
i (4.13)
RµνT = ∆
µα∆νβ (δRαβ − gαβRL) . (4.14)
Then, by taking the coefficients c2, c3, c4 and c5 as
c2 =
r√
f
, c3 = −2
√
f
f ′
, c4 =
r
2
√
f
, c5 = −
√
f
f ′
, (4.15)
the stress-energy tensor agrees with the Brown-York tensor for the leading terms in the
near horizon expansion (3.48) but including the higher order terms of k and ω.
5 Counter terms and junction condition
In the preceding sections, we have seen that the Brown-York tensor on the cutoff surface
near the horizon provides the stress-energy tensor of fluid. In order to define the energy-
momentum tensor on the surface by using the Brown-York tensor, we need to introduce
additional counter terms on the surface. These terms are called as the counter terms in
the framework of the holographic renormalization. These boundary terms corresponds
to taking an appropriate boundary condition, and hence they are equivalent to fixing the
reference geometry. In the framework of the membrane paradigm, the energy-momentum
1Similar correction terms are considered in the framework of the relativistic hydrodynamics and its
relation to the AdS/CFT correspondence [32].
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tensor is defined by the Israel junction condition and is given by the difference of the
Brown-York tensors which are calculated in each sides of the surface. The energy-
momentum tensor of the fluid comes from the Brown-York tensor in the black hole
geometry. The effects of the geometry inside the surface correspond to the counter
terms in the holographic renormalization.
The counter terms, or equivalently, contributions from the geometry inside the
stretched horizon, give additional contributions to the fluid. We do not consider the
details of this effect, but nonetheless make a few comments on it in this section.
In the case of the AdS/CFT correspondence, the counter terms are determined by
assuming that they are local covariant functions of the intrinsic geometry. The most
simple counter term for the action is the cosmological constant,
Sct = Cct
∫
dn+1x
√−γ, (5.1)
where C is a coefficient which depends on rc. This counter term gives an additional
term to the energy-momentum tensor:
T µνct = Cctγ
µν (5.2)
and the coefficient is fixed by requiring cancellation of divergences. This term gives
corrections to the energy density and pressure as
δε = −Cct , δP = Cct. (5.3)
The linear response of the stress-energy tensor depends only on the combination of
(ε¯+ P¯ ). Therefore, the counter term (5.1) does not affect the fluid on the surface.
Another simple counter term is the intrinsic curvature on the surface. This term
gives only the higher derivative terms, and hence, does not contribute to the fluid in
the first order formalism, which we have mostly discussed in this paper. For finite rc,
we can also modify the fluid theory by adding the curvature term.
The pole structure in the Brown-York tensor comes from the term proportional to
the master field. Since the master field represents the propagating mode in the bulk,
the counter terms do not affect the pole structure as long as they are defined by local
functions on the intrinsic geometry on the surface. Therefore, the counter terms basically
are not important for the fluid.
In the membrane paradigm, there are additional contributions from the geometry
inside the stretched horizon. The inside geometry is given by the geometry with M = 0.
For example, in the case of Λ = 0, the metric is
ds2 = −dt˜2 + dr˜2 + r˜2dσ˜2n , (5.4a)
dσ˜2n = γˆijdz˜
idz˜j (5.4b)
The relation between the coordinates inside and outside the surface is determined by
requiring that the induced metrics calculated in each side agrees. For the background
metric, we obtain
t˜ =
√
f(rc) t , r˜ = r , z˜
i = zi . (5.5)
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The energy-momentum tensor on the surface is obtained by subtracting the Brown-York
tensor in the inside geometry from that in the outside geometry. Then, the corrections
to the energy density and pressure are
δε¯ =
n
r
, δP¯ = −n(n− 1)
r
. (5.6)
The linear response of the stress-energy tensor depends only on the combination of
(ε¯+ P¯ ) ∼ O((rc− rH)−1/2). Therefore, the contributions from the inside geometry does
not contribute to the leading order terms of the near horizon expansion. It should also
noticed that this correction is necessary to obtain positive energy density although it is
not important for the linear responses.
If we introduce the perturbations of the metric directly to (5.4) with (5.6), the
contributions from the inside geometry give similar contributions to those from the
outside geometry. We can calculate the Brown-York tensor in the same fashion to that
in the black hole geometry, but the ingoing boundary condition at the horizon should
be replaced by the regularity condition at r = 0. The Brown-York tensor in inside
geometry is calculated separately from that in outside geometry, and does not affect the
fluid stress-energy tensor, but gives simply additional terms. These terms do not have
pole at k → 0 and ω → 0 and do not give additional poles of a fluid at least for K 6= 0.
They can be interpreted as higher order corrections of the derivative expansion. This
effect appears because the inside geometry is not empty but there is an propagating
mode.
In order to take the geometry inside the surface to be completely flat, the effect of
the metric perturbation should be absorbed into the junction condition. By taking the
coordinates inside the surface as
t˜ =
√
f(rc) t + Y
0e−iωt S , (5.7)
r˜ = r + Y re−iωt S , (5.8)
z˜ = zi +
1
r
Le−iωt Si , (5.9)
the metric of the flat space (5.4) is expressed as
ds2 = −f(rc)dt2 + dr2 + r2dσ2n + hµνdxµdxν , (5.10)
where the perturbations are
h00 = 2iωY0e
−iωt
S , (5.11)
h0i = (iωrL+ kY0)e
−iωt
Si , (5.12)
hij = 2re
−iωt
[(
−k
n
L− Yr
)
γˆijS+ kLSij
]
. (5.13)
Although we have taken the gauge hrµ = 0 on the outside geometry, the gauge condition
on the inside geometry can be different, and in fact hrµ is non-zero in (5.10). Since
these coordinates have only three free parameters, it cannot reproduce arbitrary metric
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perturbations. However, they can provide non-vanishing master field Φ in the outside
geometry, and the energy-momentum tensor has the structure of fluid. The corrections
from the inside geometry do not have any pole, and can be treated in a similar fashion
to the counter terms.
6 Conclusion and discussions
In this paper, we have studied the correspondence between black holes and fluids. Our
analysis is based on the Fluid/Gravity correspondence, but can also be interpreted as
the membrane paradigm. Since the bulk viscosity cannot be calculated in the Rindler
limit due to the incompressibility, we have put the cutoff surface at a finite distance from
the horizon. Then, the geometries are no longer universal, and hence, we have focused
on simplest cases. We have considered maximally symmetric black holes, which contain
asymptotically non-AdS geometries with compact horizons. For these black holes, it is
expected that the correspondence appears only near the horizon. In order to avoid the
incompressibility, we have put the cutoff surface near the horizon but have kept a finite
distance from the horizon, and then, considered the near horizon expansion. Generally,
the leading order terms of the near horizon expansion gives the Rindler limit. However,
due to the incompressibility, the leading order contributions give the corrections to
the Rindler limit for the sound modes. We have considered the correspondence of the
sound modes in the framework of the linear response theory. The energy-momentum
tensor on the surface is given by the Brown-York tensor in both frameworks of the
Fluid/Gravity correspondence and membrane paradigm. Since the Einstein equation
contains the constraint equations which correspond to the conservation law of the energy-
momentum tensor on the surface, the equation of continuity and the linearized Navier-
Stokes equation are imposed on the stress-tensor of the fluid. Then, we have shown
that the linear responses of the Brown-York tensor and fluid stress-energy tensor agree,
at the leading order of near horizon expansion. Since these contributions contain the
corrections to the Rindler limit, the fluid becomes compressible. There are additional
contributions from the counter terms in the Fluid/Gravity correspondence or the Brown-
York tensor on the geometry inside the stretched horizon in the membrane paradigm.
These contributions give additional terms but do not modify the pole structure of the
Brown-York tensor in the black hole geometry. Therefore, the counter terms or the
effects of the inside geometry do not modify the fluid structure on the surface.
We have calculated the transport coefficients in the near horizon expansion. At the
leading order, the bulk viscosity vanishes: ζ = 0. This result is different from the
previous result in the membrane paradigm. In the membrane paradigm, the energy-
momentum tensor on the stretched horizon was calculated and the limit in which the
stretched horizon becomes the true horizon was taken. In this limit, the surface becomes
null and the normal vector becomes the only vector which is pointing the causal direction
on the surface. Then, in the previous studies of the membrane paradigm, the normal
vector nµ to the horizon was identified to the velocity vector of fluid. Since the stress-
energy tensor is given by (3.4), the energy ε, pressure P , viscous stress τµν , shear σµν ,
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and expansion θ were identified as
ε = θ , (6.1a)
P = −uµuνKµν , (6.1b)
τµν = −σµν + n− 1
n
∆µνθ , (6.1c)
σµν = ∆µρ∆νσKρσ , (6.1d)
θ = ∆ρσKρσ . (6.1e)
However, this identification is correct only when the stretched horizon becomes the true
horizon. Since the stretched horizon is defined as an timelike surface, the normal vector
is not tangent to it. Then, the above identification must be modified. For the shear
modes, (6.1) gives the correct result at the leading order of the near horizon expansion.
For the sound modes, however, the fluid becomes incompressible as has been discussed
in the Fluid/Gravity correspondence, and hence, the next-to-leading order corrections
become important. In fact, the leading order contributions in this paper should be
interpreted as the next-to-leading order correction to the vanishing leading terms in
comparison with the shear modes. Therefore, we cannot use the above identification for
the sound modes, and hence, obtained the different result, ζ = 0.
It should also be noticed that there is an ambiguity in the identification of the
pressure and extension, in (6.1). Since both of them come from the trace part of the
spatial components of the stress tensor, they cannot easily be distinguished. For the
sound modes of fluid, the speed of sound is calculated from the ratio of the variations
of the energy density and pressure, and expected to be constant. This implies that the
pressure also has a term proportional to the expansion since the energy density equals
to the expansion in (6.1). Then, the coefficient of the expansion in τµν in (6.1) should
not simply be identified to the bulk viscosity but might contain a contribution which
should be identified as a part of the pressure. This fact gives additional correction to the
negative bulk viscosity. By taking into account the difference between the normal vector
and velocity vector on the timelike stretched horizon, the energy density is no longer
proportional to the expansion. Then, in our analysis, the pressure and bulk viscosity
can be uniquely identified.
It is interesting that the bulk viscosity vanishes even for the asymptotically non-AdS
geometries. In the case of AdS, it could be a consequence of the conformal symmetry.
However, in this paper, we have considered the geometries which are not asymptotically
AdS. Then, the zero bulk viscosity does not come from the conformal symmetry. It is
natural to expect that the bulk viscosity vanishes in more general geometries. Since in
order to calculate the bulk viscosity, the cutoff surface must be at a finite distance from
the horizon, the fluid cannot be universal in these cases. It is interesting to consider
the case of other geometries. It should be noticed that the non-zero bulk viscosity can
easily be obtained by considering the dimensional reduction of the zero bulk viscosity
cases. This implies that the bulk viscosity becomes non-zero if there is a dilation in the
gravity side.
In this paper, we have considered only the linear responses of the fluid. There remains
a possibility that there are other modes which give the negative bulk viscosity. However,
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the sound modes which has been analyzed in this paper are present independently from
such modes. We have also discussed possible higher derivative corrections for the fluid
stress-energy tensor. It would be also interesting how they can be understood in the
framework of the relativistic fluid [30, 31]2. It is also straightforward to calculate the
higher order corrections in the near horizon expansion. Although the higher order
corrections in k appear in this paper, there are no higher order corrections in ω. They
appear with factor of f and can be calculated by considering the higher order corrections
of the near horizon expansion. For example, the relaxation time which appears as a
coefficient of uρDρσ
µν will appear in the higher order corrections. These are left for
future studies.
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Appendix A Full expressions
By using the Einstein equation and the definition of the master field, the first derivatives
of the metric perturbations can be expressed in terms of the metric perturbations and
master field without derivatives. Here, we define fˆ0 = f0/k and HˆT = HT/k
2. The full
expression of the relation is the following:
f 00
′ =
k2
nrf(r)
f 00 +
2ik2ω
nf(r)3/2
fˆ0
+
{
(n− 1)f(r) (k2 − 2Kn)− k2rf ′(r)
nrf(r)2
− r
2f ′(r)2 − 2rf(r)f ′(r)− (n2 − 1) f(r)2
2rf(r)2
− 2rω
2
f(r)
}
HL
+
{
k2 ((n− 1)f(r) (k2 − 2Kn)− k2rf ′(r))
n2rf(r)2
− k
2 (r2f ′(r)2 − 2rf(r)f ′(r)− (n2 − 1) f(r)2)
2nrf(r)2
}
HˆT
+
{
k2r−
n
2
−1 (−rf ′(r)− nf(r) + f(r)) ((n+ 1)f(r)− rf ′(r))
4nf(r)2
− k
4r−
n
2
−1 (−rf ′(r)− nf(r) + f(r))
2n2f(r)2
}
Φ , (A.1)
2Higher derivative corrections in the AdS/CFT correspondence are discussed in [8, 32, 33, 34].
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f ′0 = −
nf(r)− rf ′(r)
rf(r)
fˆ0 − 2iω√
f(r)
HL
+
{
iω ((n+ 1)f(r)− rf ′(r))√
f(r)
− 2ik
2ω
n
√
f(r)
}
HˆT
+
{
ik2ωr−n/2
n
√
f(r)
− iωr
−n/2 ((n+ 1)f(r)− rf ′(r))
2
√
f(r)
}
Φ , (A.2)
H ′L =
{
k2
nrf(r)
− −rf
′(r) + nf(r) + f(r)
2rf(r)
}
HL
+
{
k4
n2rf(r)
− k
2 ((n+ 1)f(r)− rf ′(r))
2nrf(r)
}
HˆT
+
{
k2r−
n
2
−1 ((n+ 1)f(r)− rf ′(r))
4nf(r)
− k
4r−
n
2
−1
2n2f(r)
}
Φ , (A.3)
H ′T =
{
k2
2(n− 1)rf(r) (Kn− k2) −
n ((n + 1)f(r)− rf ′(r))
4(n− 1)rf(r) (Kn− k2)
}
f 00
+
{
ik2ω
(n− 1)f(r)3/2 (Kn− k2) −
inω ((n+ 1)f(r)− rf ′(r))
2(n− 1)f(r)3/2 (Kn− k2)
}
fˆ0
+
{
(n− 1)f(r) (3k2 − 2Kn)− k2rf ′(r)
2(n− 1)rf(r)2 (Kn− k2)
− n (−2nrf(r)f
′(r) + r2f ′(r)2 + (n2 − 1) f(r)2)
4(n− 1)rf(r)2 (Kn− k2)
}
HL
+
{
−k
2 (−2nrf(r)f ′(r) + r2f ′(r)2 + (n2 − 1) f(r)2)
4(n− 1)rf(r)2 (Kn− k2) −
nrω2 ((n+ 1)f(r)− rf ′(r))
2(n− 1)f(r) (Kn− k2)
+
k2 ((n− 1)f(r) (3k2 − 2Kn)− k2rf ′(r))
2(n− 1)nrf(r)2 (Kn− k2) +
k2rω2
(n− 1)f(r) (Kn− k2)
}
HˆT
+
{
nω2r1−
n
2 ((n+ 1)f(r)− rf ′(r))
4(n− 1)f(r) (Kn− k2)
− k
2r−
n
2
−1 ((n− 1)f(r)− rf ′(r)) ((n + 1)f(r)− rf ′(r))
8(n− 1)f(r)2 (k2 −Kn)
+
k4r−
n
2
−1 ((n− 1)f(r)− rf ′(r))
4(n− 1)nf(r)2 (k2 −Kn) +
k2ω2r1−
n
2
2(n− 1)f(r) (k2 −Kn)
}
Φ .
(A.4)
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